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Slenderness Effects for Concrete Columns in Sway Frame - Moment Magnification Method
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Slender Concrete Column Design in Sway Frame Buildings

Evaluate slenderness effect for columns in a sway frame multistory reinforced concrete building by designing the first
story exterior column. The clear height of the first story is 13 ft-4 in., and is 10 ft-4in. for all of the other stories.
Lateral load effects on the building are governed by wind forces. Compare the calculated results with the values

presented in the Reference and with exact values from spColumn engineering software program from StructurePoint.
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Figure 1 — Reinforced Concrete Column Cross-Section
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Code
Building Code Requirements for Structural Concrete (ACI 318-14) and Commentary (ACI 318R-14)

Reference

Notes on ACI 318-11 Building Code Requirements for Structural Concrete, Twelfth Edition, 2013 Portland
Cement Association, Example 11-2

Design Data
fc” = 6,000 psi for columns in the bottom two stories
= 4,000 psi elsewhere
fy =60,000 psi
Slab thickness = 7 in.
Exterior Columns = 22 in. x 22 in.
Interior Columns =24 in. x 24 in.
Beams =24 in. x 20 in. x 24 ft
Superimposed dead load = 30 psf
Roof live load = 30 psf
Floor live load = 50 psf
Wind loads computed according to ASCE 7-10

Total building loads in the first story from structural analysis:

D =17,895 kip
L =1,991 kip
L, =270 kip

W =0 kip, wind loads in the story cause compression in some columns and tension in others and thus would
cancel out.
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1. Factored Axial Loads and Bending Moments
1.1. Service loads
Table 1 - Exterior column service loads
Load Case AXia&'Load' Bending Moment, ft-kip
p Top Bottom
Dead, D 622.4 34.8 17.6
Live, L 73.9 15.4 7.7
Roof Live, L, 8.6 0.0 0.0
Wind, W (N-S) -48.3 17.1 138.0
Wind, W (S-N) 48.3 -17.1 -138.0
1.2. Load Combinations — Factored Loads ASCE 7-10 (2.3.2)
Table 2 - Exterior column factored loads
ASCE 7-10 - Axial Load Bending Moment, M M M M
Reference | O Load Combination kip fridp fkip | fekip | fikip | fekip
Top Bottom
2.3.2-1 1 | 14D 871.4 | 48.7 24.6 | 48.7 246 | -
2.3.2-2 2 | 1.2D+1.6L +0.5L, 869.4 | 66.4 334 | 66.4 334 | ---
3 |1.2D+05L+16L, 797.6 | 49.5 25.0 | 495 250 | ---
2.3.2-3 4 | 1.2D +1.6L,+0.8W 722.0 | 55.4 1315 | 418 21.1| 13.7| 1104
5 | 1.2D +1.6L,-0.8W 799.3 | 28.1 -89.3 | 41.8 21.1 | -13.7 | -1104
23.0.4 6 | 1.2D +0.5L +0.5L, + 1.6W 7109 | 76.8 245.8 | 495 25.0 | 274 | 220.8
7 | 1.2D+05L +0.5L,-1.6W 865.4 | 22.1 | -195.8 | 495 25.0 | -27.4 | -220.8
9396 8 | 0.9D + 1.6W 4829 | 58.7 236.6 | 31.3 158 | 27.4 | 220.8
9 | 0.9D-1.6W 6374 | 40| -205.0| 313 15.8 | -27.4 | -220.8
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2. Slenderness Effects and Sway or Nonsway Frame Designation

Columns and stories in structures are considered as non-sway frames if the increase in column end moments due to
second-order effects does not exceed 5% of the first-order end moments, or the stability index for the story (Q) does
not exceed 0.05. ACI 318-14 (6.6.4.3)

>'Pu is the total vertical load in the first story corresponding to the lateral loading case for which Y P, is greatest
(without the wind loads, which would cause compression in some columns and tension in others and thus would cancel
out). ACI 318-14 (6.6.4.4.1 and R6.6.4.3)

Vs is the factored horizontal story shear in the first story corresponding to the wind loads, and A, is the first-order
relative deflection between the top and bottom of the first story due to V.. ACI 318-14 (6.6.4.4.1 and R6.6.4.3)

From Table 2, load combinations (2.3.2-4 No. 5 and 6) provide the greatest value of Y P..

3P, =12xD+0.5xL+0.5xL, =1.2x17,895+0.5x1,991+0.5x 270 = 22,605 kip ASCE 7-10 (2.3.2-4)

V,, =1.6xV, =1.6x302.6 = 484.2 kip ASCE 7-10 (2.3.2-6)

A, =1.6xA =l.6><(0.28—0) =0.45in.

SR xA,  22,605x0.45
Vo xl,  4842x(15x12-20/2)

Q =0.12>0.05 ACI 318-14 (Eq. 6.6.4.4.1)

Thus, the frame at the first story level is considered sway.




Structure/Point

CONCRETE SOFTWARE SOLUTIONS

_
sfcolumn

3. Determine Slenderness Effects

¢’ 224

| =0.7x—=0.7x=—=13,665in.*
12 12

column

E, =57,000x/f, =57,000x /6000 = 4,415 ksi
For the column below level 2:

E, % oo 4 415x13,665

|  15x12-20/2

[

=355x10°% in.kip

For the column above level 2:

Ec X I<:o|umn — 4,415x13,665 =419%10° |nk|p

I 12x12

[

For beams framing into the columns:

Eb X Ibeam — 3,605x5,600 =70x10° |nk|p
) 24%12

Where:
E, =57,000x [, =57,000x /4000 = 3,605 ksi

bxh® 24 % 20°

lyear = 035 =0.35x =5,600in.*
12
le Jopums _ 355+419 _

11

eIl
I beams

Y, =1.0 (Column essentially fixed at base)

ACI 318-14 (Table 6.6.3.1.1(a))

ACI 318-14 (19.2.2.1.b)

ACI 318-14 (19.2.2.1.b)

ACI 318-14 (Table 6.6.3.1.1(a))

ACI 318-14 (Figure R6.2.5)

ACI 318-14 (Figure R6.2.5)

Using Figure R6.2.5 from ACI 318-14 - k = 1.9 as shown in the figure below for the exterior columns with one

beam framing into them in the directions of analysis.
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Figure 2 — Effective Length Factor (k) Calculations for Exterior Columns with One Beam Framing into them in
the Direction of Analysis (Sway Frame)

kxl, 1.9x13.333

66 =47.87 > 22 — Consider Slenderness ACI 318-14 (6.2.5a)
r .

Where:

|
r = radius of gyration = (a) ’i or (b)0.3xc ACI 318-14 (6.2.5.1)

I 2 2
. ,i:\/%: /%:G.BSin.

4. Moment Magnification at Ends of Compression Member

A detailed calculation for load combination 4 (gravity plus wind) is shown below to illustrate the procedure. Table

3 summarizes the magnified moment computations for the exterior columns.

M, =M, +0,M,, ACI 318-14 (6.6.4.6.1b)

Where:
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a —_—
@ =5
o, = moment magnifier =1 (b) % ACI 318-14 (6.6.4.6.2)
~ 0.753P,
(c) Second-order elastic analysis

ACI 318-14 (6.6.4.6.2(b)) will be used for comparison purposes with results obtained from spColumn model.
However, (a) and (c) can also be used to calculate the moment magnifier.

> Py is the summation of all the factored vertical loads in the first story, and Y P is the summation of the critical

buckling load for all sway-resisting columns in the first story.

ﬁZ(EI)eﬁ
R, :W ACI 318-14 (6.6.4.4.2)
Where:
0.4E.
@ :
1+ﬂds
0.2E1_+E,I,
(El), =1(b) # ACI 318-14 (6.6.4.4.4)
+ ds
E I
© 1 <
+ﬂds

There are three options for calculating the effective flexural stiffness of slender concrete columns (El)er. The
second equation provides accurate representation of the reinforcement in the section and will be used in this
example and is also used by the solver in spColumn. Further comparison of the available options is provided in

“Effective Flexural Stiffness for Critical Buckling Load of Concrete Columns” technical note.

¢t 22°
— = —2 =19,521in.* ACI 318-14 (Table 6.6.3.1.1(a))

E, =57,000x/f, =57,000x /6000 = 4,415 ksi ACI 318-14 (19.2.2.1.a)

fas 1S the ratio of maximum factored sustained shear within a story to the maximum factored shear in that story
associated with the same load combination. The maximum factored sustained shear in this example is equal to zero
leading to fgs = 0. ACI 318-14 (6.6.3.1.1)

For exterior columns with one beam framing into them in the direction of analysis (12 columns):

With 8-#8 reinforcement equally distributed on all sides and 22 in. x 22 in. column section = Is = 352.6 in.%,

0.2E,1, +E,l,

ACI 318-14 (6.6.4.4.4(b))
1+ﬂds

(E.y
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(EI ) L= 0.2x4,415x19,521+ 29,000 352.6 — 27.5%10° kip-in?
¢ 1+0
k = 1.9 (calculated previously).
7% x27.5x10° .
P,=———-=2,933kip
(1.9 x13.333)
For exterior columns with two beams framing into them in the direction of analysis (4 columns):
|
Y, = ° Zcolumns 355+419 =55 ACI 318-14 (Figure R6.2.5)
(Z El j 70+70
I beams
Y, =1.0 (Column essentially fixed at base) ACI 318-14 (Figure R6.2.5)

Using Figure R6.2.5 from ACI 318-14 - k = 1.71 as shown in the figure below for the exterior columns with
two beams framing into them in the directions of analysis.

¥a Kk ¥B
/—oo
oo — — <o
100.0 —| S L 100.0
50.0 —| 2007 F 100 L 50.0
30.0 —-50 C 30.0
20.0 — T 40 - 20.0
100 _| €1 10,0
9.0 130 — 9.0
8.0 — T 80
7.0 7.0
6.0 —| + 6.0
50 — + — 5.0
40 - —+ 20 40
3.0 | 1 30
20 — T ™ 20
i —+ 15 i
1.0 — -+ — 1.0
0 - —L 10 Lo

Figure 3 — Effective Length Factor (k) Calculations for Exterior Columns with Two Beams Framing into them in the
Direction of Analysis

2 6
P, - 7" x27.5%10 — 3,621 kip

(1.71x13.333x12)’

For interior columns (8 columns):
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4 4
_0.7x =0.7><% ~19,354 in.*

column 12

E, = 57,000/ f, =57,000x /6000 = 4,415 ksi
For the column below level 2:

Ec X I<:o|umn — 4,415x19,354 =503x10° mklp

I 15-20/2

c

For the column above level 2:

EC X I<:0Iumn _ 4,415x%19,354

| Bl 12

[

=593x10° in.kip

For beams framing into the columns:

E, % I _ 3,605 5,600
l, 24

=70x10% in.kip

Where:

E, =57,000x [, =57,000x /4000 = 3,605 ksi

4 4
(1 —0.35x 2N _035:24%20° _ ¢ 600ins
. )oums _ 503+593

v o= =

A (Z El ) 70470
I beams

Y, =1.0 (Column essentially fixed at base)

ACI 318-14 (Table 6.6.3.1.1(a))

ACI 318-14 (19.2.2.1.a)

ACI 318-14 (19.2.2.1.a)

ACI 318-14 (Table 6.6.3.1.1(a))

ACI 318-14 (Figure R6.2.5)

ACI 318-14 (Figure R6.2.5)

Using Figure R6.2.5 from ACI 318-14 - k = 1.81 as shown in the figure below for the interior columns.
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Figure 4 — Effective Length Factor (k) Calculations for Interior Columns

With 8-#8 reinforcement equally distributed on all sides and 24 in. x 24 in. column section = Is = 439.1 in.,

0.2E,1, +E,l,,

ACI 318-14 (6.6.4.4.4(b))
1+ By

(D).

(EI) _ 0.2x4,415x 27,648+ 29,000x 439.1 —37.1x10° kip—in.z
eff 1+0

2 6
P - 7°x37.1x10 — 4,372 kip

(1.81x13.333x12)’

IR =nxPF,+n,xk, +n, xRk,
3P, =12x2,933+4x3,621+8x 4,372 = 84,652 kip

For load combination 4:

SP =12xD+16x L, =1.2x17,895+1.6x 270 = 21,906 kip ASCE 7-10 (2.3.2-3)
1
5= ACI 318-14 (6.6.4.6.2(b))
- R
0.75x 3P,
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S, = i =1.53
0.75x 84,652
S.My, . =1.53x13.7 = 20.9 ft.kip
MTOp i = Mg s +5SMT0QS =41.8+20.9=62.7 ft.kip ACI 318-14 (6.6.4.6.1)
M goroms =1.53x110.4 =168.6 ft.kip
Bottom_2™ — M gstomns +OsMgorons = 21.1+168.6 =189.7 ft.kip ACI 318-14 (6.6.4.6.1)
Mz_z“d = maX(MTop_Z”d ! MBottom_zm‘ ): MBouom_z"d =189.7 ﬂ'kip - Mz_f‘ = MBottom_ls‘ =1315 ﬂ'kip

M, o =Min(M, o M) =M,y =627 ftkip > M, . =M, . =554 ftkip

P, = 722.0 kip

A summary of the moment magnification factors and magnified moments for the exterior column for all load
combinations using both equation options ACI 318-14 (6.6.4.4.4(a)) and (6.6.4.4.4(b)) to calculate (El)es is
provided in the table below for illustration and comparison purposes. Note: The designation of My and M; is made

based on the second-order (magnified) moments and not based on the first-order (unmagnified) moments.

Table 3 - Factored Axial loads and Magnified Moments for Exterior Column
L Axial L Using ACI 6.6.4.4.4(a Using ACI1 6.6.4.4.4(b
No. | Load Combination akipoad' 5 ] Wi, fiki Mz,(ft?kip 5 ] Wi, fiki Mz,(ft?kip
1 |14D 871.4 | --- 24.6 48.7 | --- 24.6 48.7
2 | 1.2D+1.6L+0.5L, 869.4 | -- 334 66.4 | - 33.4 66.4
3 |12D+05L+16L, 7976 | --- 25.0 495 | --- 25.0 495
4 | 1.2D+1.6L,+0.8W 722.0 | 1.37 60.6 172.3 | 1.53 62.7 189.7
5 | 1.2D +1.6L,-0.8W 799.3 | 1.37 23.0 -130.1 | 1.53 20.9 -147.5
6 | 1.2D+05L+0.5L,+1.6W 7109 | 1.39 87.5 3309 | 1.55 92.0 367.9
7 | 1.2D+0.5L +0.5L, - 1.6W 865.4 | 1.39 11.5 -280.9 | 1.55 7.0 -317.9
8 | 0.9D +1.6W 4829 | 1.25 65.5 291.2 | 1.34 68.0 311.6
9 | 09D-1.6W 637.4 | 1.25 -2.9 -259.6 | 1.34 -54 -280.0

10
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5. Moment Magnification along Length of Compression Member

In sway frames, second-order effects shall be considered along the length of columns. It shall be permitted to

account for these effects using ACI 318-14 (6.6.4.5) (Nonsway frame procedure), where Cr, is calculated using M;

and M, from ACI 318-14 (6.6.4.6.1) as follows: ACI 318-14 (6.6.4.6.4)
M, =M, ACI 318-14 (6.6.4.5.1)
Where:

M, = the second-order factored moment.

6 = magnification factor = C—”I"D >1.0 ACI 318-14 (6.6.4.5.2)
0.75P,
”2 (EI )eff
P=——7 ACI 318-14 (6.6.4.4.2)
(kl,)
Where:
0.4E1
@ ——
1+ﬂdns
0.2E1, +EI,
(EI )eff =) ——— ACI 318-14 (6.6.4.4.4)
l+ﬂdns
E I
() —
1+ﬂdns

There are three options for calculating the effective flexural stiffness of slender concrete columns (El)er. The second
equation provides accurate representation of the reinforcement in the section and will be used in this example and
is also used by the solver in spColumn. Further comparison of the available options is provided in “Effective
Flexural Stiffness for Critical Buckling Load of Concrete Columns” technical note.

¢t 22¢ -
| =—= BT =19,521in. ACI 318-14 (Table 6.6.3.1.1(a))

column E

E, =57,000x/f, =57,000x /6000 = 4,415 ksi ACI 318-14 (19.2.2.1.a)

Pans 1S the ratio of maximum factored sustained axial load to maximum factored axial load associated with the same
load combination. ACI 318-14 (6.6.4.4.4)

For load combination 4:

P

u,sustained

=1.2x622.4=746.9 kip

11
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P, =1.2x622.4+1.6x8.6+0.8x—48.3=722 kip
Pu sustained 7469
=" =-——=103>100 —» .. =1.0
ﬁdns Pu 722 ﬁdns
|
Y, = Iél columes. 355;0419 =11 (Calculated previously) ACI 318-14 (Figure R6.2.5)
(Z I )beams
¥, =1.0 (Column essentially fixed at base) ACI 318-14 (Figure R6.2.5)

Using Figure R6.2.5(a) from ACI 318-14 - k = 0.86 as shown in the figure below for the exterior column.

¥a k ¥B
oo oo
50.0 5_ - — 1.0 _550.0
100 =+ 1 —10.0
50 5 5.0
3.0 — I I —3.0
2.0 — Z086 1. — 2.0
] Lo L
1.0 — 1.0
09 — i —09
0.8 — . 08
0.7 — 0.7
0.6 — i 06
0.5 — — 0.5
0.4 — 1 — 0.4
0.3 — — 0.3
0.2 — 06 — 0.2
0.1 — 4 — 0.1
0 - —L o5 0

Figure 5 — Effective Length Factor (k) Calculations for Exterior Column (Nonsway)

With 8-#8 reinforcement equally distributed on all sides and 22 in. x 22 in. column section = Is = 352.6 in.%,

0.2E,1, +E,l,

ACI 318-14 (6.6.4.4.4(b
L ( (b))

(E.y

_ 0.2x4,415x19,521+29,000x 352.6
1+1

El =13.7x10° Kip-in.2
eff

12
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2 6
p- 7°x13.7x10 _—7,158kip
(0.86x13.333x12)
For load combination 4:
P, =1.2x622.4+1.6x8.6+0.8x—48.3=722 kip ASCE 7-10 (2.3.2-3)
Ml
C,= 0.6+O.4M— ACI 318-14 (6.6.4.5.3a)
2

M, =M, . =189.7 ftkip (as concluded from section 4) ACI 318-14 (6.6.4.6.4)

M, =M, , =627 ftkip (as concluded from section 4) ACI 318-14 (6.6.4.6.4)

Since the column is bent in double curvature, M1/M; is positive. ACI 318-14 (6.6.4.5.3)

C,=06-04 627 )_ 0.468

189.7
C
o= —”;3 >1.0 ACI 318-14 (6.6.4.5.2)
0.75P,
5=— 048  _054<100- 5-100
1- 722
0.75x 7,158

M., =P, (0.6+0.03h) ACI 318-14 (6.6.4.5.4)

Where Py = 722 kip, and h = the section dimension in the direction being considered = 22 in.

M, = 722(Wj — 75.81ftkip

M, =62.70 ft.kip <M, =75.81ft.kip > M, =75.81 ft.kip ACI 318-14 (6.6.4.5.4)

M, =6M, ACI 318-14 (6.6.4.5.1)

M, =1.00x75.81=75.81 ft.kip

M, =189.7 ftkip > M, . =75.81ftkip - M, =189.7 ft.Kip ACI 318-14 (6.6.4.5.4)

M, =M, ACI 318-14 (6.6.4.5.1)

M., =1.00x189.7 =189.7 ft.kip

Mc1 and M, will be considered separately to ensure proper comparison of resulting magnified moments against

negative and positive moment capacities of unsymmetrical sections as can be seen in the following figure.

13
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Figure 6 — Column Interaction Diagram for Unsymmetrical Section

A summary of the moment magnification factors and magnified moments for the exterior column for all load
combinations using both equation options ACI 318-14 (6.6.4.4.4(a)) and (6.6.4.4.4(b)) to calculate (El)es is

provided in the table below for illustration and comparison purposes.

Table 4 - Factored Axial loads and Magnified Moments along Exterior Column Length

o Axial Load Using ACI 6.6.4.4.4(a) Using ACI 6.6.4.4.4(b)

No. Load Combination Kip ' 5 My, Mez, 5 M, Mez,

ft-Kip ft-Kip ft-Kip ft-Kip
1 | 14D 871.4 | 1.00 91.5 915 | 1.00 91.5 91.5
2 | 12D+ 1.6L +0.5L, 869.4 | 1.00 91.3 91.3| 1.00 91.3 91.3
3 |1.2D+05L+1.6L, 797.6 | 1.00 83.7 83.7 | 1.00 83.7 83.7
4 | 1.2D+1.6L+0.8W 7220 | 1.00 75.8 172.3 | 1.00 75.8 189.7
5 |1.2D+16L,-0.8W 799.3 | 1.00 83.9 -130.1 | 1.00 83.9 -147.5
6 |1.2D+05L+0.5L,+1.6W 710.9 | 1.00 87.5 3309 | 1.00 92.0 367.9
7 |1.2D+05L +0.5L,-1.6W 865.4 | 1.00 90.9 -280.9 | 1.00 90.9 -317.9
8 | 09D +1.6W 4829 | 1.00 65.5 291.2 | 1.00 68.0 311.6
9 |0.9D-1.6W 637.4 | 1.00 66.9 -259.6 | 1.00 66.9 -280.0

For column design ACI 318 requires the second-order moment to first-order moment ratios should not exceed 1.40.
ACI 318-14 (6.2.6)

If this value is exceeded, the column design needs to be revised.
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Table 5 - Second-Order Moment to First-Order Moment Ratios
L Using ACI 6.6.4.4.4(a) Using ACI 6.6.4.4.4(b)
No. Load Combination Me/Maczsy Meo/ Moy Mer/Macisy Meo/ Moy
1 1.4D 1.00" 1.00" 1.00" 1.00"
2 1.2D + 1.6L + 0.5L; 1.00" 1.00" 1.00" 1.00"
3 12D +05L+1.6 L, 1.00" 1.00" 1.00" 1.00"
4 1.2D + 1.6L, + 0.8W 1.00" 131 1.00" 140<1.44
5 1.2D + 1.6L,-0.8W 1.00" 1.40<1.46 1.00" 1.40<1.65
6 1.2D +0.5L + 0.5L, + 1.6W 1.14 1.35 1.20 1.40<1.50
7 1.2D +0.5L + 0.5L, - 1.6W 1.00" 1.40<1.43 1.00" 1.40<1.62
8 0.9D + 1.6W 1.12 1.23 1.16 1.32
9 0.9D - 1.6W 1.00" 1.27 1.00" 1.37
* Cutoff value of Mmin is applied to Miasyy and Mzasy in order to avoid unduly large ratios in cases where Misty and Mast
moments are smaller than Mmin.
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6. Column Design

Based on the factored axial loads and magnified moments considering slenderness effects, the capacity of the

assumed column section (22 in. x 22 in. with 8-#8 bars distributed all sides equal) will be checked and confirmed

to finalize the design. A column interaction diagram will be generated using strain compatibility analysis, the

detailed procedure to develop column interaction diagram can be found in “Interaction Diagram — Tied Reinforced

Concrete Column” example.

The axial compression capacity ¢Py for all load combinations will be set equals to Py, then the moment capacity

#M, associated to ¢Pn will be compared with the magnified applied moment M,. The design check for load

combination #4 is shown below for illustration. The rest of the checks for the other load combinations are shown

in the following Table.

& & d, =2.38 I _"L_ C
@ I ] _sl |
% =11.00" ? c=12.75" a=9.56" “"i—CU T 856"
6.22"
h=2200""——1| /@ o aope - :icsz _+__
8.62
. ® B & Ts
Strain Diagram Forces and Moment Arms

Figure 7 — Strains, Forces, and Moment Arms (Load Combination 4)

The following procedure is used to determine the nominal moment capacity by setting the design axial load

capacity, ¢Py, equal to the applied axial load, P, and iterating on the location of the neutral axis.

6.1.

¢, a, and strains in the reinforcement

Tryc=12.75in.

Where c is the distance from the fiber of maximum compressive strain to the neutral axis.
ACI 318-14 (22.2.2.4.2)

a=f}xc=0.75x12.75=9.563n. ACI 318-14 (22.2.2.4.1)
Where:
0.05x( f; x4000) 0.05x (6000 4000)
B, =085-—— =085~ =0.75 ACI 318-14 (Table 22.2.2.4.3)
1000 1000
&, =0.003 ACI 318-14 (22.2.2.1)
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f
g, = =20 000207
E, 29,000

e, = (d, —c)x 209 _ (19.625-12.75) x% = 0.00162 (Tension) < &,
C .

.~ tension reinforcement has not yielded

. ¢=0.65 ACI 318-14 (Table 21.2.2)

&, =(c—d,)x 0.003 =(12.75-2.375) x % =0.00244 (Compression) > ¢,
c :

e,=|c —E x% =(12.75-11) x% =0.00041 (Compression) < &
2 c 12.75 g

6.2. Forces in the concrete and steel

C, =0.85x f_xaxh=0.85x6,000x9.563x 22 = 1073 kip ACI 318-14 (22.2.2.4.1)

f, =&, xE; =0.00162x 29,000,000 = 46,912 psi

T, = f, x A, =46,912x(3x0.79) =111.2 kip

Since &,,> &, — compression reinforcement has yielded

- fy = f, =60,000 psi

Since &,,< &, — compression reinforcement has not yielded

- £, =&, xE, =0.00041x 29,000,000 =11,941 psi

The area of the reinforcement in this layer has been included in the area (ab) used to compute C.. As a result,

it is necessary to subtract 0.85f.” from f;” before computing Cs:

C, =(f, —085f,)x A, =(60,000-0.85x6,000)x(3x0.79) =130.1 kip
C,, =(f,,~0.85f,)x A, =(11,941-0.85x6,000)x(2x0.79) =18.9 kip

6.3. ¢Pn and ¢M,
P =C,+C,+C,,-T, =1073+130.1+18.9-111.2 =1,111kip
¢P, =0.65x1,111=722 kip =P,

The assumption that ¢ = 12.75 in. is correct
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Mn:CCX(D_Ej Cslx(n_d2j+cszx(h_h)+TsX(dl_h)
2 2 2 2 2 2

22 9.563 22 22 22

M, =1 O73><(— ——J +130.l><(— - 2.375)+18.9 x(— ——)+111.2 x(19.625—£j =729 kip.ft
2 2 2 2 2 2

#M, =0.65x729 = 474kip.ft < M, = M, =189.7 kip.ft

Table 6 — Exterior Column Axial and Moment Capacities
No. Py, kip My = Ma@ng), ft-Kip c, in. &= & 0] ©Pn, Kip OM,, Kip.ft
1 871.4 91.5 14.85 0.00096 0.65 871.4 459.4
2 869.4 91.3 14.85 0.00097 0.65 869.4 459.7
3 797.6 83.7 13.75 0.00128 0.65 797.6 468.2
4 722.0 189.7 12.75 0.00162 0.65 722.0 474.1
5 799.3 -147.5 13.78 0.00127 0.65 799.3 468.0
6 710.9 367.9 12.61 0.00167 0.65 710.9 474.8
7 865.4 -317.9 14.76 0.00099 0.65 865.4 460.2
8 482.9 311.6 7.36 0.005 0.9 482.9 557.2
9 637.4 -280.0 11.68 0.00204 0.65 637.4 478.8

Therefore, since gM, > M, for all ¢P, = Py, use 22 x 22 in. column with 8-#8 bars.
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7. Column Interaction Diagram - spColumn Software

spColumn program performs the analysis of the reinforced concrete section conforming to the provisions of the
Strength Design Method and Unified Design Provisions with all conditions of strength satisfying the applicable
conditions of equilibrium and strain compatibility and includes slenderness effects using moment magnification
method for sway and nonsway frames. For this column section, we ran in investigation mode with control points
using the 318-14. In lieu of using program shortcuts, spSection (Figure 8) was used to place the reinforcement

and define the cover to illustrate handling of irregular shapes and unusual bar arrangement.

.
-@ spSection =HRCE X
Main  View
B ki N LB R s mE e ke
General Madify Draw Reinforcement Reshape Misc DXF v~
Options -
Reinforcement
® Bar size #5 1
5 5 5 ]
Bar area [in’]
KA
'
Cover (Longitudinal bars) Q
T3
Cover [in] 2.000 oy
® Clear To bar center Ql
Number of bars +Q
X direction 3 - 4 -
Q
¥ direction 3 - = ® [} m
J
Commands
Start point L= |
X[in] 10.000 -iL:
¥ [in] -15.000 m
] ] ]
i
—X
r
-
Bars: ASTM A615 | Rectangular bar pattern - Specify start point X = 10.000 ¥ = -15.000 Units:  [in]

Figure 8 — spColumn Model Editor (spSection)
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D spColumn - Slenderness_LC4.col

File Input Solve Wiew Options

Help

g
Ix =19521.3 in"4
ly =19521.3 in"4

Yo =0in
Yo=0in

REINFORCEMENT:

8 #8 bars @ 1.306%

As = 6.32 in"2
Confinement: Tied

Clear Cover = 1.88 in

Min Clear Spacing = 7.63 in

SLENDERNESS:

kx[nonsway] = NJA

- - -
b4
. A .
- - -
22x22in
1.31% reinf.
MATERIAL:
f'c
Ec = 4415.21 ksi
fc=5.1 ksi
Betal = 0.75
fy = 60 ksi
Es = 29000 ksi
SECTION:
Ag = 484 in°2

EE OEE [CelaelEiE EEEEEE (v s]e s (@ EEEE] o

General Information

= Material Properties

i,
~ Labels Concrets
Froject: Stength, fe |5_ ksi
|Shr|daness
Columr: Engineer: =k 2
[Extesior Elasticly. Ec: 27521 Kei

Max shiess, fc: |5.1 ksi

 Design Code

Betal1} [o7s

=EED

Units
& English
i Mebic

‘ ‘ Run Dption

" Design

& Investigation

3 Ultimate strain: |U.DDB

Reinforcing Steel

¥ Standard

Steength, fy. |60 ksi

Elasticity, Es:l?Sl.‘.l.‘.U ksi

Compiessionrcontiolled stiain lirmit,
Eps .  [D00206897

[ox ] canca |

i Run Axis

& About X-Asis " Biaxial

" About ¥-Auxis

Width [along = |22 in

Consider slendemess? (# “Yes

Mo Depth [alona v |22 in

Ko
Clear height 13333 #t
" Nonsway lrame
& Sway fame

Cancel

Cancel I

Swray
{Sum PelPe) [27.71:
{Sum Pu)Pu) [3034°
¥ &nd order effects along length

Effective length factors
" Compute k' factors
@ Input %' factors:

Kinsk |0.72  kish [1.9

(SumPepPel [T
(SumPupPu) [T
Effective length factors
& C ' or

C In

klns) |U ki) |0

[ #odal Load [kip) |- MXehoments [k-1t]

@t

All Sides Equal

Mo, of bars: |8
" |
Clear cover: |1.5 in

Coves lo

Bar sizer

& Transverse bars

[

& Fectangular
€ Circulas

" Longitudinal bars

Bar Layout

Sustaned Load (%)

@ Bot

e

[5am

[i7s [0

s 54

|53 [o

[4a3 [7a

(E3 ]

[o [0

[ [

- | [es o

Jo

=

mg [P. M, Mk, Myt, Myb] lor each case

H-amiz: ACI 31814; Investigation

| Fiesults - copy diagram to clipboard in e format

Figure 9 —spColumn Model Input Wizard Windows
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P (kip)
3000 -
o] 9] o]
y
O #x o}
fs=0

22x221n

Code” ACI 318-14

Units: English

Run axis: About X-axis
Run option: Investigation
Slenderness: Considered
Column type: Structural

Bars: ASTM AG15

(Pmax)

Date: 07/19/17

Time: 11:12:55

(Pmin)

-500 -

STRUCTUREPOINT - spColumn v5.60 Beta - Jul 7 2017 (TM). Licensed to: StructurePoint. License 1D: 00000-0000000-4-25EF2-2C6B6

File: C:\TSDA\SIendemess\Slenderness_LC4 col
Project: Slenderness

Column: Exterior

fic = 6 ksi fy =60 ksi

Ec = 4415 ksi Es =29000 ksi

fo =51 ksi e_yt = 0.00206897 infin
e _u=0003Iinin

Betal =0.75

Confinement: Tied
phi(a) = 0.8, phi(b) = 0.9, phi(c) = 0.65

Engineer: SP
Ag =484 in"2
As =6.32in2
Xo =000in
Yo =0.00in

8 #8 bars

rho =1.31%

Ix = 195213 in"4
ly = 195213 in"4

Min clear spacing =7.63in  Clear cover = 1.88 in

kx(nonsway) = 0.86

kx(sway)=19

Figure 10 — Column Section Interaction Diagram about the X-Axis — Design Check for Load Combination 4

(spColumn)
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spColumn v5.60 Beta - Jul 72017
Computer program for the Strength Design of Reinforced Concrete Sections
Copyright - 1988-2017, STRUCTUREPQINT, LLC.
All nghts reserved

[ L ®
y

[ +x [

® L ®

Structure Point
Licensee stated below acknowledges that STRUCTUREPOINT (SP) is not and cannot be responsible for either the accuracy or adeguacy of the material supplied
as input for processing by the spColumn computer program. Furthermore, STRUCTUREPQINT neither makes any warranty expressed nor implied with respect to
the correciness of the output prepared by the spColumn program. Although STRUCTUREPQINT has endeavored to produce spColumn error free the program is
not and cannot be cerified infallible. The final and only responsibility for analysis, design and engineering documents is the licensee's. Accordingly,
STRUCTUREPQINT disclaims all responsibility in contract, negligence or other tort for any analysis, design or engineering documents prepared in connection with
the use of the spColumn program. Licensed to: StructurePoint. License 1D: 00000-0000000-4-25EF2-2C6B6
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TRUCTUREPOINT - spColumn v5.60 Beta - Jul 7 2017 Page | 2

Licensed to: StructurePoint. License 1D: 00000-0000000-4-25EF2-2C6B6 TM92017

Cc

1.
2.

ATSDA\Slendemness\Slenderness_LC4.col 11:13 AM
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General I O T B O
Material PO e e
D B o g T =T = USRNSSR

3.1 Shape and PrODere S
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5.3, Sustained Load Factors ...
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Figure 1: Column SeCtON 4
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STRUCTUREPOINT - spColumn v5.60 Beta - Jul 72017 Page| 3
Licensed to: StructurePoint. License 1D: 00000-0000000-4-25EF2-2C6B6 7192017
CATSDA\Slenderness\Slenderness_LC4 col 11:13 AM

1. General Information

File Name C:ATSDA\Slenderness\Slendern
ess_LC4.col
Project Slendemeass
Column Exterior
Engineer SP
Code ACI 318-14
Bar Set ASTM AB15
Units English
Run Option Investigation
Run Axis X - axis
Slendemess Considerad
Column Type Structural

2. Material Properties
2.1. Concrete

Type Standard

fe 6 ksi
E. 441521 ksi
fz 5.1 ksi
Eu 0.003 infin
B+ 0.75
2.2. Steel

Type Standard

fy 60 ksi
E. 29000 ksi
Ep 0.00206897 infin
3. Section

3.1. Shape and Properties

Type Rectangular
Width 22 in
Depth 22 in
Ag 484 in?
I 19521.3 in®
Iy 19521.3 in
E 6.35085 in
Iy 6.35085 in
X 0 in
hE 0 in
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3.2. Section Figure

n v5.60 Beta - J

72017

00000-0000000-4-25EF2-2C6B6

¥
® +x ®
L [ J o
Rectangular 22 x 22 in 1.31% reinf.
Figure 1: Column section
4. Reinforcement
4.1. Bar Set: ASTM A615
Bar Diameter Area Bar Diameter Area Bar Diameter Area
in in? in in® in in?
#3 038 0.1 #4 050 0.20 #b 0.63 0.3
#6 075 0.44 #7 088 0.60 #8 1.00 0.79
#9 1.13 1.00 #10 1.27 1.27 #11 1.41 1.56
#14 1.69 225 #18 226 4.00
4.2. Confinement and Factors
Confinement type Tied
For #10 bars or less #3 ties
For larger bars #4 ties
Axial compression, (a) 0.8
Tension controlled failure, (b) 0.9
Compression controlled failure, (c) 0.65

4.3. Arrangement

Pattern
Bar layout
Cover to
Cover
Bars

All sides equal

Rectangular

Transverse bars
1.5 in

G#8
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0000-0000000-4-25EF2-2C6B6

|T0ta| steel area, A, 6.32 in? |
|rho 131 % |
|Minimum clear spacing 7.63 in |
5. Loading
5.1. Load Combinations
Combination Dead Live Wind EQ Snow
U1 1.200 0.000 0.800 0.000 1.600
5.2. Service Loads
No Load case Axial load Mx @ Top Mx @ Bottom My @ Top My @ Bottom
kip k-ft k-t k-ft k-ft
1 Dead £22.40 34.80 17.60 0.00 0.00
1 Live 7390 15.40 770 0.00 0.00
1 Wind -48.30 17.10 138.00 0.00 0.00
1 EQ 0.00 0.00 0.00 0.00 0.00
1 Snow 8.60 0.00 0.00 0.00 0.00
5.3. Sustained Load Factors
Load case Factor
%
Dead 100
Live 1]
Wind 0
EQ 0
Snow 0
6. Slenderness
6.1. Sway Criteria
X-Axis Sway column
27 order effects along length Considered
¥P: 28.86 x P,
¥P. 3034xP,
6.2. Columns
Column Axis Height Width Depth | fe E:
it in in in? ksi ksi
Design X 13.333 22 22 195213 6 441521
Above X 10.333 22 22 195213 6 441521
Below X (no column specified...)
6.3. X - Beams
Beam Length Width Depth | fe E.
fit in in in* ksi ksi
Above Left 24 24 20 16000 6 441521
Above Right 24 24 20 16000 6 441521
Below Left (no beam specified...)
Below Right (no beam specified...)
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7. Moment Magnification
7.1. General Parameters

100-0000000-4-25EF 2-2C6B6

A
L4 CO

Jul 7

2017

02 Ey + El.. (X-axis)

Factors Code defaults
Stiffness reduction factor, @y 075
Cracked section coefficients, cl(beams) 0.35
Cracked section coefficients, cl{columns) 0.7

2.75e+007 kip-in?

Minimum eccentricity, E; mn 126 in
7.2. Effective Length Factors
Axis Wiop Wootiom k (Nonsway) k (Sway) kly/r
X 0.000 0.000 0.860 1.900 47.87
7.3. Magnification Factors: X - axis
Load At Ends Along Length
Combo 3Py Pe ¥P: Bae Ag Po  KlJr P Ba Cn A
kip kip kip kip kip
1 U1 21506.20 2933.16 8465699 0.000 1.627 722.00 (N/A) 715841 1000 0468 1.000
8. Factored Moments
NQTE: Each loading combination includes the following cases:
Top - At column top
Bot - At column bottom
8.1. X - axis
Load 1%t Order 2™ Order Ratio
Combo Mps M. My Mein M, M. 2mi/1=t
k-t k-t k-ft k-ft k-ft k-ft
1 Ut Top 41.76 13.68 5544 75.81] M= 62.65 75.81 1.000
1 Ul Bot -21.12 -110.40 -131.52 -75.81| M= -189.67 -189.67 1442
* Magnified (second-order) moment exceeds 1.4 times first-order moment. Revise design!
9. Factored Loads and Moments with Corresponding Capacities
NQTE: Each loading combination includes the following cases:
Top - At column top
Bot - At column bottom
No. Load
Combo P, My DM, OM,/M, NA Depth Dt Depth £t L]
kip k-ft k-t in in
1T 1 Ul Top 722.00 75.81 474.14 6.254 12.75 19.63 0.00162 0.650
2 1 Ul Bot 722.00 -189.67 -474.14 2.500 12.75 19.63 0.00162 0.650
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8. Summary and Comparison of Design Results

Table 7 - Factored Axial loads and Magnified Moments at Column Ends Comparison
No Py, kip Os M1(2nd), ft-kip Mz(znd), ft-kip
" | Hand | Reference | spColumn Hand | Reference | spColumn Hand | Reference | spColumn Hand | Reference” | spColumn
1 871.4 871.4 871.4 N/A N/A N/A 24.6 24.6 24.6 48.7 48.7 48.7
2 869.4 869.4 869.4 N/A N/A N/A 334 334 334 66.4 66.4 66.4
3 797.6 797.6 797.6 N/A N/A N/A 25.0 25.0 25.0 49.5 49.5 49.5
4 722.0 722.0 722.0 1.53 1.38 1.53 62.7 60.6 62.7 189.7 1735 189.7
5 799.3 799.3 799.3 1.53 1.38 1.53 20.9 23.0 209 | -1475 -131.3 -147.4
6 710.9 710.9 7110.9 1.55 1.39 1.55 92.0 87.5 92.0 | 367.9 331.9 367.8
7 865.4 865.4 865.4 1.55 1.39 1.55 7.0 11.5 7.0 | -317.9 -281.9 -317.9
8 482.9 482.9 482.9 1.34 1.25 1.34 68.0 65.5 68.0 | 311.6 292.0 311.7
9 637.4 637.4 637.4 1.34 1.25 1.34 -5.4 -2.9 -5.3 | -280.0 -260.3 280.0
Table 8 - Magnified Moments along Column Length to First-Order Moment Ratios Comparison
No. ) M, ft-Kip Me, ft-Kip Mec1/Myst Meo/Maust
Hand Reference” | spColumn | Hand Reference” | spColumn Hand Reference” | spColumn | Hand | Reference” | spColumn Hand Reference” | spColumn
1 1.00 1.00 91.5 91.5 91.5 915 | 1.00 1.00 1.00 1.00
2 1.00 1.00 91.3 91.3 91.3 91.3| 1.00 1.00 1.00 1.00
3 1.00 1.00 83.7 83.7 83.7 83.7 | 1.00 1.00 1.00 1.00
4 1.00 1.00 75.8 75.8 | 189.7 189.7 | 1.00 1.00 1.44 1.44
5 1.00 1.00 83.9 83.9 | -147.5 -147.4 | 1.00 1.00 1.65 1.65
6 1.00 1.00 92.0 92.0 | 367.9 367.8 | 1.20 1.20 1.50 1.50
7 1.00 1.00 90.9 90.9 | -317.9 -3179 | 1.00 1.00 1.62 1.62
8 1.00 1.00 68.0 68.0 | 311.6 311.7 | 1.16 1.16 1.32 1.32
9 1.00 1.00 | -66.9 -66.9 | -280.0 280.0 | 1.00 1.00 1.37 1.37
* Moment magnification along the length of the column is not covered by the reference
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Table 9 - Design Parameters Comparison
c, in. £ = & 0] ¢Pn, Kip oM, kip.ft
No. Hand | Reference” | spColumn Hand Reference” | spColumn | Hand | Reference” | spColumn | Hand | Reference” | spColumn | Hand | Reference” | spColumn
1 | 1485 14.85 14.85 | 0.00096 | 0.00096 | 0.00096 | 0.65 0.65 0.65 | 871.4 871.4 871.4 | 459.4 459.4 459.4
2 | 14.85 14.82 14.85 | 0.00097 | 0.00097 | 0.00097 | 0.65 0.65 0.65 | 869.4 869.4 869.4 | 459.7 459.7 459.7
3 | 13.75 13.75 13.75 | 0.00128 | 0.00128 | 0.00128 | 0.65 0.65 0.65 | 797.6 797.6 797.6 | 468.2 468.2 468.2
4 | 12.75 12.75 12.75 | 0.00162 | 0.00162 | 0.00162 | 0.65 0.65 0.65 | 722.0 722.0 722.0 | 474.1 474.1 474.1
5 | 13.78 13.78 13.78 | 0.00127 | 0.00127 | 0.00127 | 0.65 0.65 0.65 | 799.3 799.3 799.3 | 468.0 468.0 468.0
6 | 12.61 12.61 12.61 | 0.00167 | 0.00167 | 0.00167 | 0.65 0.65 0.65 | 710.9 7109 | 71109 | 474.8 474.8 474.8
7 | 14.76 14.76 14.76 | 0.00099 | 0.00099 | 0.00099 | 0.65 0.65 0.65 | 865.4 865.4 865.4 | 460.2 460.2 460.2
8 7.36 7.36 7.36 | 0.00500 | 0.00500 | 0.00500 | 0.90 0.90 0.90 | 482.9 482.9 482.9 | 557.2 557.2 557.2
9 | 11.68 11.68 11.68 | 0.00204 | 0.00204 | 0.00204 | 0.65 0.65 0.65 | 637.4 637.4 637.4 | 478.8 478.8 478.8
* Notes on ACI 318-11 Building Code Requirements for Structural Concrete, Twelfth Edition, 2013 Portland Cement Association, Example 11-2

In all of the hand calculations and the reference used illustrated above, the results are in precise agreement with the automated exact results obtained from the
spColumn program.
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9. Conclusions & Observations

The analysis of the reinforced concrete section performed by spColumn conforms to the provisions of the Strength
Design Method and Unified Design Provisions with all conditions of strength satisfying the applicable conditions
of equilibrium and strain compatibility and includes slenderness effects using moment magnification method for

sway and nonsway frames.

ACI 318 provides multiple options for calculating values of k, (El)err, 85, and & leading to variability in the
determination of the adequacy of a column section. Engineers must exercise judgment in selecting suitable options
to match their design condition as is the case in the reference where the author conservatively made assumptions
to simplify and speed the calculation effort. The spColumn program utilizes the exact methods whenever possible
and allows user to override the calculated values with direct input based on their engineering judgment wherever
it is permissible.

In load combinations 4 to 7, My including second-order effects exceeds 1.4 M, due to first-order effects (see Table
5). This indicates that in this building, the weight of the structure is high in proportion to its lateral stiffness
leading to excessive P4 effect (secondary moments are more than 25 percent of the primary moments). The P4
effects will eventually introduce singularities into the solution to the equations of equilibrium, indicating physical
structural instability. It was concluded in the literature that the probability of stability failure increases rapidly
when the stability index Q exceeds 0.2, which is equivalent to a secondary-to-primary moment ratio of 1.25. The
maximum value of the stability coefficient 6 (according to ASCE/SEI 7) which is close to stability coefficient Q
(according to ACI 318) is 0.25. The value 0.25 is equivalent to a secondary-to-primary moment ratio of 1.33.
Hence, the upper limit of 1.4 on the secondary-to-primary moment ratio was selected by the ACI 318.

The moment magnification factor values &s calculated in this document and spColumn are different from the
values calculated by the reference. ACI 318 provides three equation options to calculate the effective stiffness
modulus (El)es as was discussed previously in this document. Equation 6.6.4.4.4(b) is more accurate than equation
6.6.4.4(a) but is more difficult to use because Is is not known until reinforcement is chosen. The reference used
equation 6.6.4.4(a) due to its simplicity while spColumn uses equation 6.6.4.4.4(b) since an iterative procedure

is used to select the optimum reinforcement configuration.

As can be seen in Table 5 of this example, exploring the impact of other code permissible equation options
provides the engineer added flexibility in decision making regarding design. For load combinations 4 - 7 resolving
the stability concern may be viable through a frame analysis providing values for Vs and A, to calculate
magnification factor 8s and may allow the proposed design to be acceptable. Creating a complete model with
detailed lateral loads and load combinations to account for second order effects may not be warranted for all cases
of slender column design nor is it disadvantageous to have a higher margin of safety when it comes to column

slenderness and frame stability considerations.
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